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Abstract. We discuss the exact plaquette-ordered ground states of the generalized Hubbard model on the
Kagome´ lattice for several fillings, by constructing the Hamiltonian as a sum of products of projection
operators for up and down spin sectors. The obtained exact ground states are interpreted as Ne´el ordered
states on the bond-located electrons. We determine several parameter regions of the exact ground states,
and calculate the entanglement entropy. We examine the above results by numerical calculations based on
exact diagonalization and density-matrix renormalization group methods.
PACS. 71.10.Fd Lattice fermion models (Hubbard model, etc.) – 71.10.Hf Non-Fermi-liquid ground states,
electron phase diagrams and phase transitions in model systems – 75.10.-b General theory and models of
magnetic ordering – 71.23.An Theories and models; localized states
1 Introduction
The Hubbard model is one of the generic models to de-
scribe strongly correlated electron systems [1]. This model
has played important roles to study magnetism and super-
conductivity. However, in spite of its simplicity, it is diffi-
cult to solve this model exactly except for one dimension
or some special cases. On the other hand, extended ver-
sions of the Hubbard model have also been studied. The
on-site repulsion of the Hubbard model is due to the ma-
trix elements of the Coulomb interaction corresponding to
the on-site Wannier states, and other matrix elements are
neglected. Therefore, it is worth considering the effects of
these neglected terms as site-off-diagonal interactions [2].
For these generalized models, exact results for ferromag-
netism and superconducting states have been discussed [3,
4,5,6,7,8,9,10].
In addition to those, a different type of exact ground
state has been discussed for a one-dimensional system,
which is called “bond Ne´el” (BN) state [11,12,13], by the
projection operator method [14,15] for multicomponent
systems [16]. The BN state is regarded as a Ne´el ordered
state of bond-located spins. Furthermore, the concept of
the BN state in one dimension was extended to higher di-
mensional systems introducing plaquette states in corner
sharing lattices such as the Kagome´ lattice [17]. In this
paper, we extend this argument for the Kagome´ Hubbard
model at 1/3 filling to several fillings and give numerical
verification based on exact diagonalization and density-
matrix renormalization group (DMRG) [18] techniques.
We also calculate the entanglement entropy (EE) exactly.
This paper is organized as follows: In Sec. 2, we review
the method to construct Hamiltonians with exact ground
states in multicomponent systems. In Sec. 3, we review the
application of this method to the one-dimensional model
discussed in Ref. 11. In Sec. 4, we apply the analysis to
the Kagome´ lattice. In addition to the exact result at 1/3-
filling obtained in Ref. 17, we also discuss the results at
2/3-filling and at half-filling. The exact ground states are
numerically confirmed using the exact diagonalization and
DMRG methods. In Sec. 5, we calculate the entanglement
entropy. Finally, we give summary and discussion of the
results.
2 Construction of the Hamiltonian
The method to construct a Hamiltonian with an exact
ground state is the following way [16]. First, we consider
a Hamiltonian given by a sum of products of projection
operators
H =
∑
α
hα, hα =
∑
µ,ν
λµνR
(µ)
α↑ R
(ν)
α↓ , λµν ≥ 0, (1)
where α denotes the position of one of the unit plaquettes
that cover the lattice. R
(µ)
ασ is an operator whose expecta-
tion value is positive semidefinite 〈R(µ)ασ 〉 ≥ 0. This condi-
tion is realized, if R
(µ)
ασ is given by a product of an operator
and its Hermitian conjugate. Then the expectation value
of the Hamiltonian is also positive semidefinite 〈H〉 ≥ 0.
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Fig. 1. Examples of lattice structures where generalized Hub-
bard models with exact plaquette-ordered ground states can be
constructed: (a) the one-dimensional chain and (b) the Kagome´
lattice. The blue and the red plaquettes denote those belong
to the groups A and B, respectively.
Next, we introduce a trial wave function given by a
direct product of up and down spin sectors,
|Ψ(A,B)〉 = |Φ↑(A)〉 ⊗ |Φ↓(B)〉, (2)
where A and B denote two groups of plaquettes that cover
the lattice satisfyingA∪B = {all lattice sites}. We require
that the projection operators have the following condi-
tions,
R
(µ)
α↑ |Φ↑(A)〉 = R(µ)β↓ |Φ↓(B)〉 = 0, (3)
where α ∈ A and β ∈ B. Therefore, even if we have
R
(µ)
β↑ |Φ↑(A)〉 6= 0, R(µ)α↓ |Φ↓(B)〉 6= 0, (4)
the eigenvalue of the Hamiltonian for |Ψ(A,B)〉 is always
zero. Then, the lower bound and the upper bound of the
energy are coincide, so that |Ψ(A,B)〉 turns out to be one
of the exact ground state of this system.
The above argument can be satisfied in corner sharing
lattices with the bipartite structure. The simplest exam-
ples is the one-dimensional (1D) lattice, where the unit
plaquette is one bond. In two dimension (2D), the Kagome´
lattice can be covered by two colored triangles alterna-
tively, as illustrated in Fig. 1. These states can be re-
garded as the Ne´el ordering on the dual lattice (i.e. the
honeycomb lattice for the Kagome´ lattice). In three di-
mension, the Pyrochlore lattice satisfies these conditions.
If the system has a time-reversal symmetry, its ground
state has two-fold degeneracy.
3 1D model
We consider the 1D generalized Hubbard model at half-
filling and zero-magnetic field, given by H =∑iσ hi,i+1,σ
with the local bond Hamiltonian,
hijσ = −t Tijσ + U
2z
(niσniσ¯ + njσnjσ¯)
+ V‖niσnjσ + V⊥niσnjσ¯
+XTijσ(niσ¯ + njσ¯) +
W
2
∑
σ′
TijσTijσ′ , (5)
where σ¯ is the opposite spin of σ, z = 1 for the present
1D case, and periodic boundary conditions are assumed.
We have defined the hopping and the density operators as
Tijσ ≡ c†iσcjσ + H.c., niσ ≡ c†iσciσ. Note that the bond-
bond interaction (W ) term can be rewritten as
− 2W (Si · Sj + ηi · ηj − 14 ), (6)
where Si and ηi are the spin and the pseudo spin op-
erators, respectively. The components of the pseudo spin
operator are defined by
η+i ≡ (−1)ic†i↑c†i↓, η−i ≡ (−1)ici↓ci↑, ηzi ≡
1
2
(ni↑+ni↓−1).
(7)
Now, we introduce the bonding and the anti-bonding
operators,
A†ijσ =
1√
2
(c†iσ + c
†
jσ), B
†
ijσ =
1√
2
(c†iσ − c†jσ). (8)
The two electron states are given by B†ijσA
†
ijσ = c
†
iσc
†
jσ .
These operators on the same bond satisfy the anticommu-
tation relations:
{Aijσ , A†ijσ′} = {Bijσ, B†ijσ′} = δσσ′ , otherwise = 0.
The density operators for the bond operators are given as
nAσ ≡A†ijσAijσ =
1
2
(niσ + njσ + Tijσ), (9)
nBσ ≡B†ijσBijσ =
1
2
(niσ + njσ − Tijσ). (10)
Since we restrict our attention only on the neighboring
two sites i, j, we drop these indices from the operators
defined above.
As a trial state, we consider the following wave func-
tion,
|Ψσ〉 ≡ A†12σA†23σ¯ · · ·A†L−1,LσA†L,1σ¯|0〉, (11)
where |0〉 denotes a vacuum and L is the number of sites.
This state is regarded as a Ne´el ordering of the bond-
located spins, so that we call this bond Ne´el (BN) state.
There is two-fold degeneracy given by |Ψ↑〉 and |Ψ↓〉. In
order to construct a model with the exact ground state,
the local Hamiltonian hij =
∑
σ hijσ should be decom-
posed by the projection operators 1−nAσ and nBσ in the
following form,
hij − ε0 = λA¯A¯(1− nA↑)(1− nA↓) + λBBnB↑nB↓
+ λA¯B{(1− nA↑)nB↓ + nB↑(1 − nA↓)}, (12)
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Fig. 2. Phase diagram of the generalized Hubbard chain (5)
in the U/2t-W/t parameter space with t > 0 [11,13]. The pa-
rameters are set as X = t −W , V‖ = W and V⊥ = U/2. The
shaded regions labeled by BN, FM and PS denote bond-Ne´el,
ferromagnetic and phase-separated states, respectively.
where ε0 is the ground-state energy per bond. According
to the argument given in Sec. 2, for the BN ground state,
the parameters should be chosen as
λA¯A¯, λA¯B, λBB ≥ 0. (13)
Comparing Eqs. (5) and (12) (see Appendix A), the rela-
tions among the parameters are obtained as
V⊥ =
U
2
, V‖ = W, X = t−W. (14)
The coefficients in Eq. (12) are identified as follows,
λA¯A¯ =
U
2
−W + 2t, (15)
λA¯B =−
U
2
+W, (16)
λBB =
U
2
+ 3W − 2t, (17)
ε0 =
U
2
. (18)
From Eqs. (13), (15), (16) and (17), we obtain the param-
eter space of the exact BN ground state as shown in Fig. 2.
Note that the BN state appears only for t > 0 region.
The property of the BN state can be investigated based
on the matrix-product method. According to Ref. 11, both
charge-charge and spin-spin correlation functions vanish
except for those of the nearest sites which indicates the
existence of the charge and the spin gaps. On the other
hand, the bond-located spin correlation exhibits a long
range order. We can also calculate elementally excitation
spectrum using the matrix-product method as a varia-
tional approach [13].
In the present one-dimensional model at half-filling, we
can discuss not only the BN state but also the ferromag-
netic (FM) and the phase-separated (PS) states. The last
term of Eq. (12) stabilizes the fully polarized FM state
for λA¯B < 0. Similarly, the PS state where the system
is separated into a domain of doubly occupied sites and
a vacuum, is stabilized when λA¯A¯ + λBB < 0, neglect-
ing the surface energy. As shown in Fig. 2, the FM and
the PS states appear in the U/2t-W/t parameter space
symmetrically in the positive- and in the negative-U re-
gions, respectively. This is consistent with the fact that
the W term is the ferromagnetic exchange interactions of
the spins and the pseudo spins (6), and the PS state is
regarded as the FM state of the pseudo-spin space. The
condition W/t ≥ 1/2 for the FM and the PS phases is not
clearly obtained in the present argument. To obtain this
condition, we need to introduce three-types of R opera-
tors [13].
The phase boundary of the BN and the FM states
λA¯B = 0 corresponds to the SU(2) symmetry in the spins
V‖ = V⊥, so that the ground state is highly degenerate.
The system undergoes a first-order phase transition at this
level-crossing point. When W/t = 1 (X = 0), the system
has the particle-hole symmetry. At (U/2t,W/t) = (−1, 1),
the system has the SU(2) symmetry in the pseudo-spin
space, so that the BN, the PS and the η-paring states are
degenerate. The other lines which separate shaded and
non-shaded regions in Fig. 2 do not necessarily mean phase
boundaries.
Therefore, to confirm the BN and FM states and to ex-
plore the phase boundaries, we calculate the ground-state
energy by the numerical methods. In Fig. 3(a) the numeri-
cal results of the ground-state energy at U = 2t are plotted
as a function of W/t, where the periodic boundary condi-
tions are applied. We obtain numerically the BN ground-
state energy ε0 = U/2 ≡ ε0(BN) forW ≥ U/2 and the FM
ground-state energy ε0 = 2W ≡ ε0(FM) for W ≤ U/2.
Thus, the BN-FM phase boundary coincides the analyt-
ical result W = U/2. The ground-state energy deviates
from ε0 = ε0(BN) at some larger W/t (≡ Wc/t), which
corresponds to the upper bound of the BN phase and is
detected as a level crossing in the present finite-L calcula-
tions. As seen in Fig. 3(a), the level-crossing point depends
on the system length because the BN state is more oversta-
bilized in smaller-L systems under the periodic boundary
conditions. Accordingly, the level-crossing point is shifted
to lower W/t with increasing the system length L. We
perform a finite-size scaling of the level-crossing point us-
ing L = 26-50 periodic systems in Fig. 3(b). Although
the data points oscillate and a fine fitting is not easy, the
least-square linear fitting gives Wc/t = 6.37 in the ther-
modynamic limit. This may mean the upper bound of the
BN phase is fairly extended to W/t = 6.37 in comparison
to the analytical value W/t = 3 in Fig. 2.
The above overstabilization of the BN state can be
avoided if we apply the open boundary conditions. It en-
ables us to pick up the real ground state and to calculate
the energy more definitely for a given L. The extrapo-
lated ground-state energy to the thermodynamic limit,
using L = 48-240 open systems, is plotted in Fig. 3(c).
We find that the ground-state energy begins to deviate
from ε0 = ε0(BN) at W/t = 6.40. This value agrees
very well with that obtained with the periodic systems
(W/t = 6.37).
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Fig. 3. (a) Ground-state energy per site as a function of W/t
for the 1D model at U/t = 2, obtained by the exact diagonaliza-
tion and DMRG with finite-L chains under periodic boundary
conditions. Inset: enlarged figure around the lower level cross-
ing. (b) Finite-size scaling analysis of the level-crossing points
for the upper bound of the BN phase. (c) Ground-state energy
per site as a function of W/t for the 1D model at U/t = 2 in
the thermodynamic limit, which is obtained using DMRG data
with L = 48-240 chains under the open boundary conditions.
4 Kagome´ lattice
We consider the generalized Hubbard model on the Kagome´
lattice at 1/3-filling with zero-magnetic field. In order to
obtain an exact ground state, we need to include three
site terms (X ′, W ′ terms). The Hamiltonian is given by
H =∑〈ijk〉σ hijkσ , where the summation 〈ijk〉 is taken in
i j
k
i j
k
i j
k
|Aijkσ〉 |Bijkσ〉 |Cijkσ〉
Fig. 4. Three bases for the unit trimer of the Kagome´ lattice.
each unit trimer as shown in Fig. 1,
hijkσ = hijσ + hjkσ + hkiσ
+W ′(TijσTjkσ¯ + TjkσTkiσ¯ + TkiσTijσ¯)
+X ′(Tijσnkσ¯ + Tjkσniσ¯ + Tkiσnjσ¯), (19)
where hijσ is the local bond Hamiltonian (5) with z = 2. σ¯
denotes the opposite spin of σ. Now we define the following
one-electron plaquette operators (see Fig. 4),
A†ijkσ ≡ 1√3 (c
†
iσ + c
†
jσ + c
†
kσ), (20)
B†ijkσ ≡ 1√3 (c
†
iσ + ωc
†
jσ + ω
2c†kσ), (21)
C†ijkσ ≡ 1√3 (c
†
iσ + ω
2c†jσ + ωc
†
kσ), (22)
where ω = eı2pi/3. These operators on the same plaquette
satisfy the anticommutation relations:
{Aijkσ , A†ijkσ′} = {Bijkσ , B†ijkσ′} = {Cijkσ , C†ijkσ′} = δσσ′ ,
and otherwise= 0. Note thatA†ijkσ |0〉, B†ijkσ |0〉, and C†ijkσ |0〉
are chosen as eigen states of density, hopping, and current
operators,
Nijkσ ≡niσ + njσ + nkσ, (23)
Tijkσ ≡Tijσ + Tjkσ + Tkiσ, (24)
Jijkσ ≡Jijσ + Jjkσ + Jkiσ , (25)
Jijσ ≡ı(c†iσcjσ −H.c.). (26)
The density operators in terms of the plaquette operators
are
nAσ =
1
3
(Nijkσ + Tijkσ) , (27)
nBσ =
1
6
(2Nijkσ − Tijkσ −
√
3Jijkσ), (28)
nCσ =
1
6
(2Nijkσ − Tijkσ +
√
3Jijkσ). (29)
Since we restrict our attention only on the three sites i, j, k
in a triangle, we drop these indices from the operators
defined above.
4.1 Plaquette-Ne´el state at 1/3-filling
Using these relations, the Hamiltonian with the exact ground
state is given by the plaquette operators. We consider the
following plaquette state at 1/3-filling,
|Ψσ〉 ≡
∏
〈ijk〉∈△
A†ijkσ
∏
〈i′j′k′〉∈▽
A†i′j′k′σ¯ |0〉 , (30)
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where 〈ijk〉 (〈i′j′k′〉) is taken for all triangles of the Kagome´
lattice with up (down) direction. As an extention of the
BN state, we call this state “plaquette Ne´el” (PN) state.
In order to make (30) the ground state, the local Hamil-
tonian for this state is constructed as
hijk − ε0 = λA¯A¯(1− nA↑)(1− nA↓) (31)
+ λBBnB↑nB↓ + λCCnC↑nC↓
+ λA¯B {(1 − nA↑)nB↓ + nB↑(1− nA↓)}
+ λA¯C {(1− nA↑)nC↓ + nC↑(1 − nA↓)}
+ λBC {nB↑nC↓ + nC↑nB↓}
=λA¯A¯ (32)
+
∑
σ
{−λA¯A¯nAσ + λA¯BnBσ + λA¯CnCσ}
+ λA¯A¯nA↑nA↓ + λBBnB↑nB↓ + λCCnC↑nC↓
− λA¯B(nA↑nB↓ + nB↑nA↓)
− λA¯C(nA↑nC↓ + nC↑nA↓)
+ λBC(nB↑nC↓ + nC↑nB↓),
with positive λµν . Here we consider the case that λBB =
λCC and λA¯B = λA¯C , assuming the time-reversal symme-
try of the Hamiltonian. Then we have
hijk − ε0 = 1
3
(λA¯A¯ + λA¯B)ht (33)
+
1
9
(λA¯A¯ − 4λA¯B + 4λBB) (2hU + hV⊥)
+
1
9
(λA¯A¯ + 2λA¯B + λBB) (hV‖ + hW + hW ′)
+
1
9
(λA¯A¯ − λA¯B − 2λBB) (hX + hX′)
+
1
9
(−4λA¯A¯ + 4λA¯B − λBB)
∑
σ
Nijkσ + λA¯A¯,
where ht, hU , · · · , hX′ are defined in Appendix A. For
1/3-filling, the density operator and the number of the
triangles Ntr is related as
∑
〈ijk〉,σNijkσ = 2Ntr, and the
number of lattice sites is L = 3Ntr/2, so that the ground-
state energy per site is identified as
ε0 =
1
9
(λA¯A¯ + 8λA¯B − 2λBB) . (34)
The coefficients of projection operators are related to the
parameters as
 λA¯A¯λA¯B
λBB

 =

 1 4 4−1 2 −1
1 1 −2



U/2W
X

 . (35)
Using the condition of the hopping in Eq. (33), we have
λA¯A¯ =
U
2
− 4W + 4t, (36)
λA¯B =−
U
2
+ 4W − t, (37)
λBB =
U
2
+ 5W − 2t. (38)
-3 -2 -1 0 1 2 3 4 5
-1
0
1
2
3
4
W/t
U/t
PN
λA¯A¯ =
0
λA¯B =
0λBB = 0
(a) t > 0
-3 -2 -1 0 1 2 3 4 5
-1
0
1
2
3
4
W/|t|
U/|t|
PN
λ ¯B
¯B
= 0
λA
¯B
= 0
λAA = 0
(b) t < 0
Fig. 5. Phase diagrams of the generalized Hubbard model on
the Kagome´ lattice, in the U/|t|-W/|t| parameter space for (a)
t > 0 at 1/3-filling [17] and (b) t < 0 at 2/3-filling, respectively.
The shaded regions labeled by PN denote the plaquette Ne´el
state.
Since all these coefficients should be positive, the condition
of the exact PN ground state is given as follows,
W ≤ U
8
+ t, W ≥ U
8
+
t
4
, W ≥ − U
10
+
2t
5
,
V⊥ =
U
2
, V‖ = W = W
′, X = X ′ = t− 2W,
and the ground state energy per site is
ε0 =
1
3
(U − 4W ). (39)
The phase diagram for the exact PN state is surrounded
by three lines given by λA¯A¯ > 0, λA¯B > 0, and λBB > 0,
as shown in Fig 5(a).
In Fig. 6, the numerical results of the ground-state
energy for the 1/3-filling Kagome´ model at U/t = 2 with
t > 0 are plotted as a function of W/t. The energy of
the PN state ε0 = (U − 4W )/3 ≡ ε0(PN) is subtracted
so that a region with ε0 − ε0(PN) = 0 corresponds to
the PN phase. As seen in Figs. 6(a) and (b), a robust
range with ε0−ε0(PN) = 0 exists for all the used clusters.
We find a deviation from ε0 − ε0(PN) = 0 below a level-
crossing point W/t = 0.5, which is independent of the
cluster shape and size [see insets of Figs. 6(a) and (b)].
This W/t value agrees perfectly with the analytical result
of the lower bound of the PN phase, given by λA¯B =
0. Whereas, the level-crossing point related to the upper
bound depends on the cluster. Like in the 1D BN state,
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Fig. 6. (a) Ground-state energy per site as a function of W/t
for the 1/3-filling Kagome´ model with U/t = 2 and t > 0,
obtained by the numerical methods using (a) anisotropic and
(b) isotropic clusters (see Appendix B). The energy of the PN
state [Eq.(39)] is subtracted. Insets: enlarged figure around the
lower level crossing.
the PN state would be overstabilized with small clusters.
However, the data are not sufficient to perform a finite-size
scaling analysis and it remains as a future work.
4.2 Plaquette-Ne´el state at 2/3-filling
We consider the following plaquette Ne´el state at 2/3-
filling given by
|Ψσ〉 ≡
∏
〈ijk〉∈△
C†ijkσB
†
ijkσ
∏
〈i′j′k′〉∈▽
C†i′j′k′σ¯B
†
i′j′k′σ¯ |0〉 ,
(40)
where 〈ijk〉 (〈i′j′k′〉) is taken for all triangles of the Kagome´
lattice with up (down) direction, and
C†ijkσB
†
ijkσ =
ı√
3
(c†iσc
†
jσ + c
†
jσc
†
kσ + c
†
kσc
†
iσ). (41)
The Hamiltonian for this state is constructed as
hijk − ε0 = λAAnA↑nA↓ (42)
+ λB¯B¯(1 − nB↑)(1− nB↓) + λC¯C¯(1− nC↑)(1− nC↓)
+ λAB¯ {nA↑(1− nB↓) + (1− nB↑)nA↓}
+ λAC¯ {nA↑(1 − nC↓) + (1− nC↑)nA↓}
+ λB¯C¯ {(1 − nB↑)(1− nC↓) + (1− nC↑)(1− nB↓)}
=λB¯B¯ + λC¯C¯ + 2λB¯C¯ (43)
+
∑
σ
{(λAB¯ + λAC¯)nAσ − (λB¯B¯ + λB¯C¯)nBσ
− (λC¯C¯ + λB¯C¯)nCσ}
+ λAAnA↑nA↓ + λB¯B¯nB↑nB↓ + λC¯C¯nC↑nC↓
− λAB¯(nA↑nB↓ + nB↑nA↓)
− λAC¯(nA↑nC↓ + nC↑nA↓)
+ λB¯C¯(nB↑nC↓ + nC↑nB↓).
For λB¯B¯ = λB¯C¯ = λC¯C¯ , and λAB¯ = λAC¯ , assuming the
time-reversal symmetry of the Hamiltonian, we have
hijk − ε0 = 2
3
(−λAB¯ − λB¯B¯)ht (44)
+
1
9
(λAA − 4λAB¯ + 4λB¯B¯) (2hU + hV⊥)
+
1
9
(λAA + 2λAB¯ + λB¯B¯) (hV‖ + hW + hW ′)
+
1
9
(λAA − λAB¯ − 2λB¯B¯) (hX + hX′)
+
1
9
(−λAA + 4λAB¯ − 13λB¯B¯)
∑
σ
Nijkσ + 4λB¯B¯.
For 2/3-filling, the density operator and the number of the
triangles Ntr is related as
∑
〈ijk〉,σNijkσ = 4Ntr, and the
number of lattice sites is L = 3Ntr/2, so that the ground-
state energy per site is identified as
ε0 =
8
27
(λAA − 4λAB¯ + 4λB¯B¯). (45)
Since the relation between (λAA, λAB¯, λB¯B¯) and (U,W,X)
is given by the same matrix as that of (35), we identify the
coefficients of the projection operators, using the condition
for the hopping in Eq. (44), as
λAA =
U
2
+ 8W + 2t, (46)
λAB¯ =−
U
2
+W − t
2
, (47)
λB¯B¯ =
U
2
−W − t. (48)
Thus the condition of the exact PN ground state is given
as follows,
W ≥ − U
16
− t
4
, W ≥ U
2
+
t
2
, W ≤ U
2
− t,
V⊥ =
U
2
, V‖ =W = W ′, X = X ′ =
t
2
+W. (49)
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Fig. 7. (a) Ground-state energy per site as a function of W/|t|
for the 2/3-filling Kagome´ model with U/|t| = 2 and t < 0,
obtained by the numerical methods using (a) anisotropic and
(b) isotropic clusters (see Appendix B). Insets: similar figures
for a wider range of W/|t|.
The ground state energy per site is
ε0 =
4
3
U. (50)
The phase diagram for the exact plaquette Ne´el state is
surrounded by three boundaries given by λAA > 0, λAB¯ >
0, and λB¯B¯ > 0, as shown in Fig 5(b).
The numerical results of the ground-state energy for
the 2/3-filling Kagome´ model at U/|t| = 2 with t < 0
are plotted as a function of W/|t| in Fig. 7. We find that
the system has the PN state energy ε0(PN) = 4U/3 in
a wide range of W/|t|. The energy deviation from ε0 =
ε0(PN), indicating a transition to another phase, is clearly
seen. Although the level crossing is not very sharp, we can
approximately estimate the transition point W/|t| ∼ 0.4
for all the used clusters. This value is close but subtly
smaller than the analytical result of the lower bound of the
PN phase W/|t| = U/(2|t|)− 1/2 = 0.5 given by λAB¯ = 0.
Let us then turn to the upper bound of the PN phase. It
may be more puzzling. Differently from the case of 1/3-
filling Kagome´ lattice with t > 0, the PN state seems to
maintain as the ground state up to W/|t| = 100 in the
present calculations with periodic clusters. To resolve this
issue, further calculations are required.
4.3 Ferromagnetism at 1/2-filling
We consider a ferromagnetic (FM) state at half-filling where
each triangle is occupied by three particles with the same
spin,
|Ψσ〉 ≡
∏
〈ijk〉∈△
C†ijkσB
†
ijkσA
†
ijkσ |0〉 . (51)
where
C†ijkσB
†
ijkσA
†
ijkσ = ıc
†
iσc
†
jσc
†
kσ. (52)
The Hamiltonian for this state is constructed as
hijk − ε0 = λA¯A¯(1− nA↑)(1 − nA↓) (53)
+ λB¯B¯(1− nB↑)(1− nB↓)
+ λC¯C¯(1− nC↑)(1− nC↓)
+ λA¯B¯ {(1− nA↑)(1 − nB↓) + (1 − nB↑)(1− nA↓)}
+ λA¯C¯ {(1− nA↑)(1− nC↓) + (1− nC↑)(1− nA↓)}
+ λB¯C¯ {(1− nB↑)(1− nC↓) + (1− nC↑)(1− nB↓)}
=λA¯A¯ + λB¯B¯ + λC¯C¯ + 2(λA¯B¯ + λB¯C¯ + λA¯C¯) (54)
+
∑
σ
{−(λA¯A¯ + λA¯B¯ + λA¯C¯)nAσ
− (λB¯B¯ + λA¯B¯ + λB¯C¯)nBσ
− (λC¯C¯ + λA¯C¯ + λB¯C¯)nCσ}
+ λA¯A¯nA↑nA↓ + λB¯B¯nB↑nB↓ + λC¯C¯nC↑nC↓
+ λA¯B¯(nA↑nB↓ + nB↑nA↓)
+ λA¯C¯(nA↑nC↓ + nC↑nA↓)
+ λB¯C¯(nB↑nC↓ + nC↑nB↓).
Under the time-reversal symmetry λB¯B¯ = λB¯C¯ = λC¯C¯ ,
and λA¯B¯ = λA¯C¯ , we have
hijk − ε0 = 1
3
(λA¯A¯ + λA¯B¯ − 2λB¯B¯)ht (55)
+
1
9
(λA¯A¯ + 4λA¯B¯ + 4λB¯B¯)(2hU + hV⊥)
+
1
9
(λA¯A¯ − 2λA¯B¯ + λB¯B¯)(hV‖ + hW + hW ′)
+
1
9
(λA¯A¯ + λA¯B¯ − 2λB¯B¯) (hX + hX′)
− 1
9
(4λA¯A¯ + 10λA¯B¯ + 13λB¯B¯)
∑
σ
Nijkσ
+ λA¯A¯ + 4λA¯B¯ + 4λB¯B¯.
At half-filling, the number of the triangle Ntr is related
as
∑
〈ijk〉,σ Nijkσ = 3Ntr, and the number of lattice sites
L = 3Ntr/2, so that the ground-state energy per site is
identified as
ε0 =
2
9
(λA¯A¯ − 2λAB¯ + λB¯B¯). (56)
The parameters are related as
 λA¯A¯λA¯B¯
λB¯B¯

 =

1 4 41 −2 1
1 1 −2



U/2W
X

 . (57)
8 Masaaki Nakamura, Satoshi Nishimoto: Exact Ground States of the Extended Hubbard Model on the Kagome´ lattice
-1 0 1 2 3 4 5 6 7
-2
-1
0
1
2
W/t
U/t
FM
λA¯B¯
= 0
λA¯A¯ = 0
λ
B¯B¯ = 0
(a) t > 0
-1 0 1 2 3 4 5 6 7
-2
-1
0
1
2
W/|t|
U/|t|
FM
λA¯B¯
= 0
λA¯A¯ = 0
(b) t < 0
Fig. 8. Phase diagrams of the generalized Hubbard model on
the Kagome´ lattice, in the U/|t|-W/|t| parameter space with
V‖ = W = W
′, V⊥ = U/2, X = X
′ = t/3. (a) and (b) corre-
spond to the case of t > 0 and t < 0, respectively. The shaded
regions labeled by FM denote the exact ferromagnetic ground
state.
Then we have
λA¯A¯ =
U
2
+ 4W +
4
3
t, (58)
λA¯B¯ =
U
2
− 2W + t
3
, (59)
λB¯B¯ =
U
2
+W − 2
3
t. (60)
Thus the condition of the exact ferromagnetic ground state
is given as follows,
W ≥ −U
8
− t
3
, W ≤ U
4
+
t
6
, W ≥ −U
2
+
2
3
t,
V⊥ =
U
2
, V‖ =W = W
′, X = X ′ =
t
3
. (61)
The ground state energy per site is
ε0 = 2W. (62)
This is consistent with the fact that in the fully ferro-
magnetic state, only the V‖ term contribute to the energy.
The condition of the hopping in Eq. (55) means that t may
take both positive and negative values. As shown in Fig 8,
(a) for positive t, the exact ferromagnetic ground state is
surrounded by three lines, while (b) for the negative t, the
lines become two.
In Fig. 9 the numerical results of the ground-state en-
ergy for the 1/2-filling Kagome´ model at U/|t| = 3 are
plotted as a function of W/|t|, where the numbers of spin-
up and spin-down electrons are kept to be as close as pos-
sible, namely, N↑ − N↓ = 0 and |N↑ − N↓| = 1 for even-
(a)
(b)
-2 -1 0 1 2
-1
0
1
-2 -1 0 1 2
-1
0
1
9!
12a
18a
27a
Fig. 9. Numerical results of the ground-state energy per site
as a function of W/|t| for the 1/2-filling Kagome´ model at
U/|t| = 3 with (a) t > 0 and (b) t < 0, where the number
of spin-up and spin-down electrons are kept as N↑ = N↓ or
N↑ = N↓ + 1. The energy of the FM state ε0(FM) = 2W is
subtracted.
and odd-site clusters, respectively. Since the ground-state
energy of the FM state ε0 = 2W ≡ ε0(FM) is subtracted
in Fig. 9, the FM phase is indicated by a region having
positive value of the numerical energy ε0 − ε0(FM) > 0.
The finite-size effect seems to be much smaller than that
in the PN state. For the both positive and negative t val-
ues, the FM phase appears at −1 . W/|t| . 1, though
the region for t < 0 may be slightly narrower than that
for t > 0. The FM phase would be comparatively more
extended than the analytical results shown in Fig 8.
5 Entanglement entropy
In this section we consider the entanglement entropy (EE)[20]
of the system discussed above. When we divide the nor-
malized wave function of the system into two regions A
and B as
|Ψ〉 =
∑
nm
Λnm |ΨAn 〉 ⊗ |ΨBm〉 , (63)
the EE is given by
SA = −TrA [ρˆA log ρˆA] , (64)
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Fig. 10. Patterns to cut the systems into two regions A and
B to calculate the entanglement entropy (EE) for (a) the 1D
chain and (b) the Kagome´ lattice, respectively.
with the reduced density matrix
ρˆA =
∑
nm
(ΛΛT )nm |ΨAn 〉 〈ΨAm| , (65)
where ΛT is the transposed matrix of Λ.
For the BN state in 1D, |ΨAn 〉 and |ΨBn 〉 (see Fig. 10(a))
are given as
|ΨA1 〉 =X†Ac†iσ |0〉A , (66)
|ΨA2 〉 =X†A |0〉A , (67)
|ΨB1 〉 =c†jσX†B |0〉B , (68)
|ΨB2 〉 =X†B |0〉B , (69)
where X†A and X
†
B denote normalized operators that cre-
ate the common parts of A and B regions, respectively.
Then we get
Λ =
1√
2
[
0 1
1 0
]
, ΛΛT =
1
2
[
1 0
0 1
]
. (70)
The EE is easily obtained by using the eigenvalues λi of
the matrix ΛΛT as
SA = −
∑
i
λi logλi = log 2. (71)
This result is for an open boundariy system where the
two regions are cut at one bond. Therefore, the EE for
the periodic boundariy system is SA = log 4. These re-
sults can also be obtained by using the matrix product
representation of the wave function [11,13].
For the PN state in the Kagome´ lattice with 1/3-filling,
we consider a case that two regions A and B are connected
via a single triangle, for simplicity, as shown in Fig. 10(b).
Then |ΨAn 〉 and |ΨBn 〉 are given as
|ΨA1 〉 =X†Ac†iσ |0〉A , (72)
|ΨA2 〉 =X†A |0〉A , (73)
|ΨB1 〉 =c†jσX†B |0〉B , (74)
|ΨB2 〉 =c†kσX†B |0〉B , (75)
|ΨB3 〉 =X†B |0〉B . (76)
In this case, we get the following matrix elements
Λ =
1√
3
[
1 1 0
0 0 1
]
, ΛΛT =
1
3
[
1 0
0 2
]
. (77)
(a)
(b)
Fig. 11. (a) Isotropic periodic and (b) torus clusters of the
Kagome´ lattice. The bold (cutting) lines are examples of the
system division.
If we cut the triangle in the opposite way, we should
consider the situation A↔B. In this case the matrix in
Eq. (65) becomes
ΛTΛ =
1
3

 1 1 01 1 0
0 0 1

 . (78)
The eigenvalues of the matrix ΛTΛ are
λi =
{
1
3
,
2
3
, 0
}
. (79)
Thus the value of the EE does not depend on the ways to
cut the triangle, so that we get the EE in general cases as
SA = N△ [log 3− (2/3) log 2]︸ ︷︷ ︸
s0
, (80)
where s0 = 0.636514168 · · · and N△ means the number
of triangles along the cutting lines. This means that the
EE obeys the area law. The EE for the PN state at 2/3-
filling is obtained as the same value as that of 1/3-filling
via the particle-hole transformation. For the FM state at
1/2 filling, the EE becomes zero.
The value of EE can be easily verified numerically by
using the DMRG method. For the BN state in 1D, the
EE is SA = 1.38629437 ≈ log 4 which does not depend
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on length of regions A and B in a periodic chain. For the
PN state in 1/3-filled Kagome´ lattice, some examples of
the cutting lines are shown in Fig. 11. We obtain SA =
3.182570841 ≈ 5s0 and SA = 5.092113346 ≈ 8s0 for the
periodic cluster in Fig. 11(a); SA = 4.455599178≈ 7s0 for
the torus cluster in Fig. 11(b). Thus, we have confirmed
that the EE is proportional to the number of triangles on
the cutting lines, i.e., SA = N△s0.
6 Summary and discussion
In summary, we have discussed exact ground states of the
generalized Hubbard model based on the projection opera-
tor method in multicomponent systems. The Hamiltonian
with the exact ground state can be obtained when the
lattices have bipartite structure in terms of corner shar-
ing unit plaquettes. We have applied this method to the
1D chain and the Kagome´ lattice, and obtained parameter
regions of the exact ground states for several fillings. We
have also calculated the entanglement entropy (EE). In
addition, we have performed numerical calculations based
on exact diagonalization and density-matrix renormaliza-
tion group, and confirmed the results.
In the 1D chain, the exact ground state is the bond
Ne´el (BN) state where the system has a Ne´el ordered state
on the bonds [11,13]. This corresponds to the staggered
dimer states in the spin-1/2 two-leg ladder model with four
spin exchanges.[19] We have numerically confirmed the
existence of the exact BN ground state. The BN phase may
be expanded to the outside of the analytical argument.
The ferromagnetic (FM) and BN phase boundary agrees
perfectly between the analytical and numerical results.
In the Kagome´ lattice, we have discussed the exact
plaquette Ne´el (PN) state at 1/3-filling [17], and also the
PN state at 2/3-filling as well as the FM state at half-
filling. According to the numerical calculations, each the
exact state seems to be stabilized in a wider region than
those suggested by the analytical result. However, further
calculations are required to corroborate it. For the EE, we
have confirmed perfect agreement between the analytical
and the numerical calculations.
In addition to the PN state, we may introduce other
exact plaquette ground states. For example, the following
state
|Ψσ〉 ≡
∏
〈ijk〉∈△
B†ijkσ
∏
〈i′j′k′〉∈▽
C†i′j′k′σ¯ |0〉 , (81)
seems like a “topological state”, since local spin current
state with time-reversal symmetry [21]. In order to stabi-
lize this state, we have to extend our model Hamiltonian
to include the current terms Jijkσ .
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A Details of calculation
For the 1D case, we have used the relation,
Tij↑Tij↓ =
1
2
∑
ijσσ′
TijσTijσ′
︸ ︷︷ ︸
hW
−1
2
∑
σ
(niσ + njσ) +
∑
σ
niσnjσ
︸ ︷︷ ︸
hV‖
.
(82)
For the Kagome´ lattice, products of the operators generate
the following terms,
Nijk↑Nijk↓ = ni↑ni↓ + nj↑nj↓ + nk↑nk↓︸ ︷︷ ︸
2hU
(83)
+ ni↑nj↓ + nj↑nk↓ + nk↑ni↓ + nj↑ni↓ + nk↑nj↓ + ni↑nk↓︸ ︷︷ ︸
hV⊥
,
Tijk↑Tijk↓ =
1
2
∑
µνσσ′
TµνσTµνσ′
︸ ︷︷ ︸
hW
−
∑
σ
Nijkσ (84)
+
∑
σ
(niσnjσ + njσnkσ + nkσniσ)
︸ ︷︷ ︸
hV‖
+
∑
σ
(TijσTjkσ¯ + TjkσTkiσ¯ + TkiσTijσ¯)
︸ ︷︷ ︸
h
W ′
,
Nijk↑Tijk↓ + Tijk↑Nijk↓ =
∑
µνσ
Tµνσ(nµσ¯ + nνσ¯)
︸ ︷︷ ︸
hX
(85)
+
∑
σ
(niσTjkσ¯ + njσTkiσ¯ + nkσTijσ¯)
︸ ︷︷ ︸
h
X′
,
where
∑
µν is taken for µν ∈ {ij, jk, ki} in one triangle.
The weight of hU term is doubled, because the on-site
interaction is shared with the neighboring triangle.
B Periodic Kagome´ clusters used in DMRG
calculations
In the exact diagonalization and density-matrix renormal-
ization group calculations for the Kagome´ lattice, we used
periodic clusters. The clusters shown in Figs. 12 and 13
are spatially anisotropic and isotropic, respectively. The
periodicity of the plaquette Ne´el state is compatible with
all the clusters.
36a
12a
18a 27a
Fig. 12. Anisotropic Kagome´ clusters.
36i
9i
27i
Fig. 13. Isotropic Kagome´ clusters.

